CHAPTER XXII. 


SURFACES AND VOLUMES IN GENERAL, AND THEIR 
CENTROIDS, ETC. DOUBLE AND TRIPLE 
INTEGRATION. 


760. Let the equation of a surface be $ (c, y, 2)—0 referred 
to three mutually perpendicular coordinate axes Ox, Oy, Oz. 
Let us discuss the volume contained between the boundaries 

2—0, O(a, 9, 2)=0; y=0, y-—F(x); v—0, =q. 

Let planes A-c, | X-—c4-óm, 

Y=y, Y=y+oy, 


Z=2, Z=2+062, 
be drawn. 


Fig. 262. 


Planes X=a, X=x+6e intercept between them a thin slice 
or lamina of thickness da. 
795 
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Planes Y=y, Y—y--óy cut from this lamina a prism or 
tube on rectangular base da dy. 

Planes Z=z, Z=z+06z cut from this prism an elementary 
rectangular box or “cuboid” of volume ôx dy dz, represented 
in the figure as P,Q,R,S,P,Q,R,S,. Regarding ôx, dy, dz as 
infinitesimals of the first order, the volume of the slice is a 
first order infinitesimal, the volume of the prism is a second 
order infinitesimal, and the volume of the cuboid is a third 
order infinitesimal. Let the prism intercept on the surface 
a curvilineal quadrilateral figure PQRS, and on the plane z-y 
the elementary rectangle pqrs, viz. dudy. These areas are 
both infinitesimals of the second order. 

If we add up all the complete cuboids on base dx dy from 
z=0 to z—the smallest of the values of z of the surface 
within the quadrilateral PQRS, we get the volume of the 
prism, less by a third order infinitesimal, viz. the portion of a 
cuboid bounded by a base dx dy for its lower surface, by the 
curvilinear quadrilateral PQRS for its upper surface, and by 
four plane faces parallel to the y-z or z-z planes. We may 
regard the infinitesimal dz as having been taken not less than 
the difference of the greatest and the least values of z for 
points on the quadrilateral PQRS. This remnant of the 
prism is therefore less than one of the elementary cuboids 
forming the whole prism, and is therefore an infinitesimal of 
not less than the third order. 

Next let us add up all the prisms which lie between the 
planes X—z and X=a+06z2, and bounded on its upper side 
by the specified surface from the plane Y —0 to any definite 
value of Y. The sum of these second order complete prisms 
differs from the volume of the lamina between the planes 
X-—c and X=«+dx by the sum of the third order infini- 
tesimal remnants of the prisms, and by a second order tubular 
element on a base less than dz dy at the end of the slice, that 
is by a second order infinitesimal, the sum of the complete 
prisms being of the first order. 

Finally, let us add up all the slices or laminae from X=0 to 
any definite value of X. The sum of the portions of these 
laminae made up of complete prisms is a finite quantity. 
The sum of the remnants of the laminae is the sum of a set 
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of second order infinitesimals, and forms a first order infini- 
tesimal. Hence it appears that the sum of all the complete 
cuboids within the figure bounded by the coordinate planes, 
the planes X—2,, Y=y,, say, and the surface, differs from the 
whole volume of that figure by a first order infinitesimal at 
most, and in the limit when óz, óy, óz are diminished without 
limit, we have the volume given by 


V= | | fax dy dz. 


The limits for z are from 2—0 to z=the value found from 
p(x, y, 2)—0 in terms of x and y, say z—f(«, y). 

The limits for 4 will be from y=0 to the value of y specified 
in any particular manner, say y=F (æ). 

The limits for æ will be such as to go from x=0 to =a. 


761. Ex. Consider the volume of an octant of an ellipsoid 


CEU Wm. 
Here the limits for z are z=0 to z=c NE Kata for the elementary 


prism, to add up all the cuboids in the prism. 


Fig. 263. 


For y; y=0 to y-b^h af for the slice, to add up all the prisms 
in the slice. 
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For s; from z—0 to æ= “i to add up all the slices. 


And ve fe Ve KET di Í yn, 4! [] d dy, 


and taking [z] between its limits, this integral 


za 
=e | "wh 2-3 T -S dedy. Write 7; for t 


Vax ot Ye. 
v [A£-5 pu Eai T4274 "i-i = 95° 3! 


5 
ae NORA TO ESL 

And the volume of the whole ellipsoid is 8 V = $7abc. 

762. Obviously in cases where the volume of a slice can be 
written down at once, the labour of computation may be saved. 

In the case just considered, for instance, the section at 
distance X —2 from the plane of yz is an ellipse, viz. 

y? g2 


(a is) e ™ 4224 Tabe, 


Pü-m) a (2-1 | 
whose semiaxes are NERA 1-5, uto 1— mE 


and the area of the quarter drai in the first octant is 
x? 
4rbe (1 = z} 
Hence the volume of the slice in the first octant is 
irte (1- A Sa, 
to the first order. 
And the sum of the slices is 


ftre us =) de=% (a —E | e tM 
as before. 
763. When the volume contained is all that is required, we 
may, in general, start, with 
r-[p dæ dy, 
i.e. we may use the elementary prism on óx óy for base as our 
element of volume. This amounts of course to integrating with 
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regard to z in the triple integral formula ||| da dy dz between 


limits z=0 and z=the ordinate of the surface under con- 
sideration. 

If the upper surface of the region whose volume is required 
is z=f,(a, y), and the lower surface be z=/,(, y), instead of 
z=0, as taken in Art. 760, we have 


v=| (f Go y) (o, y)) de dy. 


764. Illustrative Examples. 
1. The curve z (a8 - 3)! =a! lying in the plane z-z revolves about the 
axis of z. Find the volume in the positive octant included between this 


surface and the planes 2—0, z—a, y=0, y=a. [CoLLEGES e, 1883,] 
The equation of the surface generated is 
4 
rt o 
(e eate yn) 
and V= [fede y-a [°° 3 Write b? for a?-- a?, 
o Jo (a? +4242)? 
a tan-12 
Then f Ard i n where y=b tan 6, 
olde Ju. ot 
RY 
-m[ cos 0 d 
V PI uae 
x b. 


Hence E di P B NR. 5 
f (a++ y?) (2HP) 

“na a5 
and we have to evaluate I= 3 (a? 28) /Sat pat da. 


Let z—a4/2 tan $. 


Then Ix tant a5 . a2 sects do 
0 (a? -- 2a? tan’) a/2 sec $ dd» 
-ef ti 
cos*h +2 sin* 
aD d sin $ 
l4sin*ó 
i tan J 
=q? ta ~l fg; 2 
a [ an^! (sin H], 
l ta? 
=a ta A =—; 
wun eG 
ras 
Va. 
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2. Express the volume contained between the surfaces whose equa- 


- 


tions are z?-- y?--2? — a?, 4?-- y? —a?, z=a and the coordinate planes in 
the forms v= f [eas dy, v= f [a dj; investigating the limits of the 
integrations and determining the value of V. 


(i) For the portion of the elementary prism on 6x dy for base lying 
between the sphere and the plane 2—a, the length is 


a — M a3 — 33 — y. 


Fig. 264. 


This is to be multiplied by àz8y and summed for values of y from 
y=0 to y=Na?— 2%, and afterwards the result is to be summed from 
x=0 to z—a. 


Then, V= f 1 Í veeg JAETA da dy 
= (n - (CE int a) 
=f {a at (a-r) de 


Jadi-a3,a* . 2) Tf, 2\7° 
=[« 2—3 *gsn 2) -a(25-3)], 
Qa 
3 


Vat—xt 


0 
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(ii) If we use the formula V= f Í z dz dy, integrating with regard to y 


first, we have for the length of the prism on base dy 6éz intercepted 
between the cylinder and the sphere 4/a?—5?—4/a?— 2! —4?, until the 
prism ceases to cut the sphere, Ze. from y—0 to y=Na?—2, and after- 
wards the length of this prism is /a*?—y? from y —^/a? — z! to y=a, and 
the limits for z are from 0 to a. 

Hence 


a (vA a ça 
y- Mai M Lalo add fat — 48 
bf (Va? - y a@—A—A)dedy+ [ [a y? dzdy 
= [ [[ verha - (7 T n- ay a: 
uit Na! —3* a. 1X7" Ala? — 71 — y 
ri ARCA sur ic gr te n Rm 


diss Vana 
La P sinet adi } ae 


= WM Lm 


(ii) If we use the formula V— J Í x dy dz, integrating with regard to z 
before we integrate with regard to y, we have the same peculiarity as 
before, viz. that the prism is of length Vat — 72 — a? =y? = from z=0 
to z—/a? —3?, and of length Ja?—y? from z—Xa!—y* to z—a, and 


y- D fl VOW (Jal — gà — fai -A A) dy det [ om Nai - y dy de, 
cod P Ta 
which, as before, -ig' 

765. Mass, Moment, Centroid, etc. 

If we regard the space bounded as described in Art. 760 to be 
filled with matter of specific density p at each point, the Mass 
of the elementary cuboid dz dy dz is p dz dy dz, where p may 
be either a constant or a variable. And following the same 


argument as in finding the volume, we have for the mass of 
the body thus enclosed, 


M=|\{pdz dy dz. 


766. In the same way, if the Moment of this mass be 
required about any line whose equations are known, say 


z—a y—b z—c 


EPO RET UM 
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l,m, n, being direction cosines; then, if p be the perpendicular 
from z, y, z upon this line, viz. 


p*—-(z—aF (y —5F--(z—cf—[L(z—a)4-m(y — b) 3-n (2 — c)]?. 
the moment of the solid about this line is 


ME dz dy dz. 


767. To determine the coordinates of the Centroid, we have 
only to translate the expressions 


Ims . . Emy zmz 
Xue V Se S Gm 


into the language of the Integral Calculus. And m being 
p ôx dy óz, we have 


hi jae fff dz dy dz Hi pz da dy dz 
I [[o2z ava: ^ [f[oaravas pdsdyb  —— f[pazayas 


768. If the Moment of Inertia about a straight line be 
required, and if p be the perpendicular from (a, y, z) upon the 
line, we have Moment of inertia = Emp? 


i.e. in the language of the Calculus, 


f | | op? dz dyde. 


Thus, if A, B, C be the moments of inertia about the | 
coordinate axes Oz, Oy, Oz respectively, 


A =|[fow +2) dx dy dz, 
B=({ | p(2 +2) de dy de, 


bls [ffet da dy dz. 


769. Similarly for “Products of Inertia,” 4e. for quantities 
such as 


t= 


D=Xmyz, E-Zmzz, F-ZXmay, 


we have 


D= ffov: dzdyde, E= Il pexdadydz, F= [foxy dz d dz. 
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770. The integration in all such cases takes the same course 
as in the finding of a volume, first as regards the proper 
assignment of limits, and second as regards the successive in- 
tegrations (1) with regard to z, (2) with regard to y, (3) with 
regard to z. 

The order of integration may be changed to suit circum- 
stances, the several limits being suitably changed to ensure 
that the elementary cuboids into which the specified region is 
divided are thereby all added up. 

As in the case of finding a volume, in some cases one, or 
perhaps two, of the integrations may be avoided by taking 
the elementary prism, or the elementary lamina described 
above, as the primary element, as was done in Art. 762 in the 
evaluation of the volume of the octant of an ellipsoid. 


771. Ex. In the case of a sphere, viz. 2?+y?+z2?=a%, let us find the 
mass of an octant of the sphere, the density at any point being 
p=kayz. 


Here M=k | | [ xyededy de 


Fig. 265. 


The limits for z in the positive octant are 


z=0 to z-wWa!-zi-y 
for y, from y=0 to y=Va?—2; 
for 2, from z=0 to z-q. 
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Hence — M-k[[ [^ ayedzdyde 
afr ET vazan 
pn "ay(o!- 28 — 95) de dy 

z[ e - E -* P] ae 


-Ef x(a? — x?) dæ 


ipea seid sy , 
ii) a 


kat 
If. D be the density at a specific point, say the centre of the surface 
of the octant, i.e. where v=y=z= Tp we have 


a3 
D-k3 8 and M=} Da3. 


EXAMPLES. 


1. Establish the following moments of inertia for uniform density, M 
representing the mass in each case : 


2 
(1) For an elliptic disc 240-1, 


b? 
2 
about the z axis; =- -  - . DAA EET E 
T 2 
about theyaxis,.- - - - - - = ; 


about a line through the centre ie aaa } met? 
. tothe plane, - - - Í 


(2) For a rectangle of sides 2a, 2b, 


2 
about a line through the mid-points of sides 2b, zx 
: yin : Ma? 
about a line through the mid-points of sides 2a, " x. 
! about a line through the centre tae } a + p 
M . 
tothe plane, - Tro - 


(3) For a sphere about any diameter —— z , a being the radius. 
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(4) For an ellipsoid of semiaxes a, b, c, viz. 
2?/a? + y? b+ z? Jc? — 1, 


24 ¢2 
about the axis of length 2a, - - - - a i : 
24 g2 
about the axis of length 25, - - - P AC it ; 
24.5 
about the axis of length 2c, - ~- - - id = 
2. Obtain the position of the centroid of 
(1) the quadrant of an ellipse, 
- 4a 4b 
SJ QUIDNI ul gules 
2?/a? 4- y*|b? —1 ; Pes: i-i 
(2) the positive octant of the sphere, 
+y?+22=a? ; Ragaia™, 
(3) the positive octant of the ellipsoid, 
a? /a? 4- y?/b? 4- 22/c? — 1 ; 2-5, y= 2m. 


3. Show that in all the above cases for the whole elliptic disc, rectangle, 
sphere or ellipsoid, the products of inertia with regard to two axes of 
symmetry are zero. 

Dr. Routh gave the following useful mnemonic rule for the 
moment of inertia of the circular or elliptic dise, rectangle and 
sphere or ellipsoid ; viz. 


Moment of inertia about an axis of symmetry 


sum of squares of perpendicular semi-axes 
3,4o0r5 : 


according as the body is rectangular, elliptical or ellipsoidal. 


772. Element of Surface. 

In estimating the element of surface 5S cut from the surface 
S by the elementary prism on base ôx dy, we may note that if 
y be the angle the normal at P makes with the z-axis, 


$ = Mass x 


ôx 03 —cos y dS to the second order of infinitesimals, 


for óz dy is the projection of dS upon the x-y plane. 
The equations of the normal are: 


X—vo Y—y Zz 


pu Py gz 


, 


where dem, ete. 


Hence cos y= 


bP + byt bP 
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Then S —{[rteter tee da dy, 


when we proceed to the limit and sum the elements by 
integration. 


J 


Fig. 266. 


If the equation of the surface be thrown into the form 
2—f(v, y), 


and if we use the ordinary notation 


PA game d 
psc s 1 = By’ 


this equation becomes S =f 1+p?+g?dæ dy. 


We may note in passing that the equation dæ dy=dS cos y 
also gives another expression for the volume, viz. 


V= feas dy — |z cos y dS. 
We have taken, as is ordinarily the case, v, y as the independent 


variables. 
If this be inconvenient, we should have 


s=[fJi+(@ +E) dvds 
or s= [AQ CY ae as 


according as y, 2 or z, œ be chosen as the independent variables. 
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773. We may note that the coordinates of P, Q, S and R, 
the coordinates of the curvilinear “parallelogram” bounding 
ôS are: 

for P, c, Y, 2; 

for Q, «+6x, y, z4% dn; 


for S, 2, y--óy, z +5 by ; to the first order ; 
O2 


for R, c--óz, y--óy, 24 bn y 


Q»c(x ox, y, 2435 dx) 


ey t+dy,2+5% by) 
DZ e, DZ 
qox, y ty, atha data, by) 


Fig. 267. 
and the projections of this curvilinear parallelogram upon the 
coordinate planes are parallelograms of areas: 

(1) upon the x-y plane, dx dy ; 
(2) upon the y-z plane, 


+| y, Z, " l = Y, i 1 == ürdy; 
z z 
Y, z+ om Ox, 1 0, 5r ox, 0 
dz Oz 
ô I AT ó , 1 ô E E ô , 0 
y+oy T3y y y oy y 
(3) upon the z-z plane, 
sec. 2, I ELI. x, 2, 1 = 5 bedy; 
dz dz 
e+déa, z+ om ôx, 1 óc, m óv, O 
Oz dz 
T, Z ben ó A 1 0, 2 ó , 0 


and the area dS is the square root of the sum of the squares of 
its projections upon any three mutually perpendieular planes 
(C. Smith, Solid Geom., Art. 33). 
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Hence óS*— da? apis ( (m) l 
giving S =|| VF 1-4-p?*4- g?d« dy, as before. 


774. Element of Volume for Cylindrical Coordinates. 

Instead of taking as our elementary volume one defined as 
bounded by planes parallel to three coordinate planes, other 
choices may be made. In some investigations it may be 
desirable to employ cylindrical coordinates, viz. ordinary polar 
coordinates r, 0 in the z-y plane, retaining the Cartesian 


Fig. 268. 


2-coordinate. An elementary prism, with this system, will be 
on a base 760 ôr with a height z, and to the second order its 


volume is r 69 ôr xz, and the volume will be ff d8 dr, taken 


between suitable limits. If for any reason it be desirable to 
subdivide this elementary prism by planes perpendicular to 
the z-axis, our expression for the volume will be 


[ffr do dr az. 


Such a necessity would arise, for instance, if the mass of 
the solid be required and the density be not a constant, but a 
known function of r, 0, z, when the mass of the elementary 


prism is r60 rl, dz, r and 0 being regarded as constants during 


this integration, so as to add up all the elements of varying 
density through the elementary prism before summing the 
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masses of the several prisms themselves. We should then 
write the integral as 


Mass [T [pr dé dr dz. 


775. Spherical Polar Element of Volume. 

Again, a spherical polar element of volume may be em- 
ployed, using r the radius vector, 0 the co-latitude and ¢ the 
azimuthal angle as coordinates. 

Here the element of volume has three of its edges, mutually 
at right angles, ôr, r 60 and rsin6@ dq, and to the third order 
of infinitesimals its volume is v?sin 0 60 d¢ ôr, the difference 


Fig. 269. 


between this and the actual volume being at least of the 
fourth order of infinitesimals. 

Upon integrating successively with regard to r, 6 and ¢ in 
any order, the accumulated difference after the three integra- 
tions between the volume of any space required and the sum 
of these elements will be a first order infinitesimal at most, 
and therefore vanishes when the limit is taken. 

Hence we have for the volume required 


{| 1* sin 0 d8 dọ dr. 
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Further, if it be required to integrate any function of 
(r, 0, p) throughout the volume, say f(r, 0, $), that is to 
add up all such elements as f(r, 0, $) r* sin 0 60 ôg ôr, the ex- 
pression for the result will be 


ff f(r, 0, à) * sin 0 d8 do dr, 
the limits being such as to include in the summation all the 


elements f(r, 0, 9) ? sin 0 60 à ôr, 


which are included in the region under discussion, and no more. 


776. Ex. If we apply this formula to find the volume of a sphere whose 
centre is at the origin, " 
the limits for r are from 0 to a, the radius of the sphere ; 
for @ are from 0 to 7; 
for $ are from 0 to 27 ; 


«nd fte» y f 7 [resin 40 d¢ dr 
f © sing do dp 
- 277 f" sinede 
zme — cos er =r. 


777. Elements of Surface. Cylindrical System. 

In the cylindrical system of coordinates the element of 
surface ó$, viz. the curvilinear parallelogram PQRS, Fig. 270, 
has for its projection^upon the z-y plane the polar element 
rv 6¢ér. Its projection upon the meridian plane through P is 
to the first order, an oblique parallelogram of area ôr. 28 90. 


for one of its sides is the gx in z due to increase of 6@ in 


the independent variable 9, 2.¢. 5 7 08, and the perpendicular 


= 
between this side and the parallel side is dr. 

And the projection upon a plane through P parallel to o the 
z-axis and at right angles to the meridian plane, is similarly 


v 60 2E on, for r6@ is the height of this parallelogram, and 
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a d is the change in z due to an increase dr in r, keeping 0 


constant, viz. the difference of the ordinates parallel to the 
z-axis of the points P and Q. 
Hence 


Oz M 2 
88—àr* (r 80e (8r. 5 30) +r 80 sr} (S) 
and taking the square root, proceeding to the limit and 
integrating, T TIL UA 
s s= [Aree (S) és e L^ 7^ Umen (1) 


Fig. 270. 


Similarly, if it were found preferable to take the pair z and 
0 for the independent variables, or the pair and z, we should 
have in these respective cases, 


ipfo (ndn m 
and s=|] 14e (=) +r (S) ar - audet (3) 


To establish (2) an element is taken on the surface bounded 
by lines on the surface along which z is constant and 0 const., 
viz. z, 2+6z, 0, 0 -- 60, and projected upon the same planes as 
in Case (1), the areas of the projections being 

vó002, 760 e àz) and dz S 38). 

And to establish (3) an element is taken on the surface 

bounded by lines on the surface along which r=const. and 
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z-const., viz. r, r+6r, z, 2+6z, and projection is made upon 
the same planes as in Case (1), the areas of the projections being 
o 00 
or 62, (r = às) ór and ( A ér) 62. 
The figures are, however, somewhat troublesome, and we 
shall deduce these formulae from a more general result later. 


778. In the spherical polar system of coordinates let the 
meridian planes ¢ and ¢+6¢ cut the surface in the curves 


PQ, SR, and let the cones 0, 04-60 cut the surface in curves 
PS, QR. Then PQRS is our element of surface. Let the 
coordinates of the points P, Q, R, S be respectively : 


for P, r, 0, $, 
dr 
for Q, rt3g ó0, 0--60, 9, 
or 
for S, "3699 0, $ 4-99, 


GA 
op 
The projections of this elementary area upon 

(1) a plane through P at right angles to the radius vector ; 


for R, +27 30+ 84, 0460, o+é¢. 
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(2) the meridian plane through P; 
(3) a plane through P perpendicular to these two planes 
are respectively, to the second order, 


ró0.rsinOóQ, r60. Et à9) and rsin ôg. (S56). 
and to the fourth order we have for 6S, the element of area 
A Or \? y 
6S,2= | rsint +) +r*sin?@ 25) | 60? 09? ; 


whence, extracting the root, taking the limit and integrating, 


8- [| [sive (7 esie (ZY dO do. ......(1) 


779. If it be more convenient to take r and 0 as the inde- 
pendent variables and ¢ dependent, elements must be chosen 
on the surface bounded by 7, r--ór and 6, 0--60, and the 
resultant expression for the elements will be 


88 — | r'sinto (SE) +124 resino (SY | soars, 


the areas of the projections on the same planes, as in Case (1), 
being 
r 60. or, (r sin act à) .r60 and ([(rsin6 abo0). ór, 


and the formula for S being 


s=[[, x sins (29) 4-284 r?sin?0 (25) Jao dr. wand (2) 


And in the same way, if we wish to regard r and ¢ as the 
independent variables and 0 dependent, an element of surface 
is to be chosen bounded by r, r--ór, p, $--ó$, and its pro- 
jections upon the same planes, as in Case (1), being 


(r sin 0 à$). (2 = ér), or 55 80). ôr, (rsinO d¢). dr, 


we have 
SSe =| ssin*e Gy + a(S) $ rine | ôg? dr? 


; a s- [Al Asint9 (2 x) +0 (3) + rin jap dr....(8) 
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But the figures required are, as in the Cases (2) and (8), for 
cylindrical coordinates somewhat troublesome, and we propose 
to deduce these formulae from the more general result of 
Art. 790. 


780. Areas on a Spherical Surface, the Origin being at the 
Centre. 

Let a be the radius of the sphere. Then, putting r=a, the 
general formula 


S [[/rtsine9-+r2sine9 (ZY -- (7 ao d 


Op 
reduces to S =a'(|sin 0 d0 d$ 


=a? |[—cos 01d. 


If we apply the result to find the area bounded by two 
meridian ares and some specified curve, 0=f(¢), the limits 
for 0 are from 0—0 to 0=f(¢), and 


S=a*([1—c0s f(9)] ds. 
the result of Art. 734. 
Con. For the whole sphere f(4) — 7, and 


S- 92a? f " dd saxa, 


781. Spherical Triangle. 

Ex. Let us apply the formula obtained to the case of the area bounded 
by a great circle and two meridian arcs, the radius of the sphere being a. 

Take as the plane of zz that through the centre which cuts the great 
circle perpendicularly, andtet p be the spherical perpendicular from the 
pole upon the great circle arc. The equation of the great circle is then 


(1 —cos 9) cosec?@ 1, | 


ae A EE Digne EU 
and Area a? fa cos 9) d a f ~cot?p — cot? $ 


. Area- -cot sinp 
a cot pt smo inâ 
= [$] + [x], 


where x is the angle a meridian makes with the great circle and ¢ is the 
azimuthal angle. 
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If we take limits $—2a to 6=a+A, the limits for x will be m -C to B 
where ABC is the spherical triangle formed by the meridians AB, AC 
and the arc BC. 


a 


Fig. 272. 


This area is therefore a?[A + B — (7 — C)] 
=@(A+B+C-r] 
— a? E, 
where E is the spherical excess, a result readily established in an 
elementary manner. (GrnARD's THEOREM. See Todhunter and Leathem, 
Sph. Trig., Art. 127.) Other illustrations have been given earlier. (See 
Art. 734.) 

782. Case of a Solid of Revolution. 

In the case of any solid of revolution about the z-axis 
¢ varies, but r is independent of ¢ and depends only upon the 
revolving curve generating the solid. 

The general formula 


s= [fa /frsinto esinta (2) + (S7) | ao ag 


now reduces to 


S= [sine "(a ) d6 d$ 


=2nr sin Oa/ 72+ ar d0— =2n|r sin 0 ds, 


in conformity with the result of Art. 748. 
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783. In the case of solids formed by the revolution about the 
z-axis of circles whose planes pass through the z-axis, centred at 
the origin, but of varying radius, r is a function of ¢ alone, and 


s=ffry nmm (S) 4e d$. 


The shape of the surface may be pictured as somewhat resem- 
bling the hermit-crab shell. 


Ex. Let the surface be r—ae?. 
S=a? J | eb Ji sin? dO dd, 
and 6, $ are independent, 
$2 
== e | a [vi — $ cos?Ó dé. 


mT 
Let 0-3-X 
2 EU 
s-inon f Al —isin?*x dx 


=a? 4/9 (ei — w [Ai —$sin?x dx 
d 1 
=a?,/2 (e291 — e242) E; mod. Jg) 
and if the area be taken from r=0, i.e. $,— — œ to any value of r, 
e 1 
S=rJ/2 E,; mod. Va’ 
784. In the case of an area of a portion of a right circular 


cone, vertex at the origin, axis the z-axis and semivertical 
angle a, the general formula 


8- ||A/ (resins (2) (S) +r2sint | ddr 


reduces to I sin a d$ DL [rn dg. 


And supposing the area in question to be bounded by some 
curve drawn upon the cone, say r=f(¢), and two generators, 
we have [r?]—(f(9))?, the lower limit being 7—0, and 


= 5" [uoo 
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785. The formula is obviously the same thing as 


[race sina), 


which is the area of the portion of the cone developed upon 
a plane, the angle between two generators so developed and 
corresponding to azimuthal angles p and ¢+d¢ on the cone, 
being d¢ sin a. 


786. Or again it is the same thing as 
AG sin a}? dọ — S sin a, 


i.e. the area of the projection upon the z-y plane, all elements 
7T 
gF 
As a particular and elementary case, the area cut off by a 
plane perpendicular to the axis and intercepting generators of 
length / is 


of the cone making an angle a with the z-y plane. 


S= sin a [2 | “ae = ral, 

2 0 
where a is the radius of the base=/ sina and / the “slant 
height,” the ordinary mensuration formula. 


787. In the case of any cone with vertex at the origin, the 
equation is of the form ¢=/(6), r being absent from the 


equation. Hence of o. The general expression 


Sz {fv i" sin?0 eJ - 7?-F7?sin?*0 (S$) } "de dr 


in this case reduces to 


{fr af 1+sin?@ (S5) dé dr, 


i ee / - 29/99. 
4.6. =5 fr 1+sin (Sa) dé. 
Hence, if a surface cut a cone whose vertex is the origin, 


viz. $ — f (0), the area of the cone between two of its generators 
and the curve in which it meets the surface is 


: 12 ((1--sin?0f?(0))5 dd. 
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788. Ex. The equations of a cylinder and a cone are 
rsin ĝ=a and cot @=sinh ¢. 
If Aj, 45, Az be the areas of the cone from ¢=0 to ¢=B-a, B and 
B+a respectively, then will 
A+ 453—245 cosh a. (Mara. TnrPos, 1875.] 


In this case — cosec?Q — cosh oat. 


0 
Hence 7? A 1+sin? (sf 2) TUM UR NT 4.008008 o 
sin?@ cosh? p 
Lure a. 
= a? cosh pdp 1 Ct 
= —@? V? cosh $ d$, 

and S= - a?4/2 [sinh $]. ; 

Beno Aı+ 4; sinh B-a+sinh B+a o cha. 

Ay sinh 


789. Generalised Results. Orthogonal Coordinates. 
If f(z,y,2)=A be any surface, it is required to find the 
normal distance between the surface and the contiguous sur- 


ax, yt by, stds 


AA 


Fig. 273. 


face A 4-0À at the point (z,4;2) Let the normal at P to the 
surface A cut the surface A--óA at Q, whose coordinates are 
z-4-óz, y - 0y, 2 4- 92. 


The direction cosines of the normal are P T *, where 
suffixes represent partial differentiations and À? =) -- A,? -- AZ. 


Then projecting the broken line ôx, dy, óz upon PQ, we have 


PQ-óx "E+ dy riso 9 
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Let AGYD=A fal(2, Y, 2)= p, fa( Y, 2)=v 
be three mutually orthogonal surfaces. Consider the small 
element of space whose faces are the three surfaces A, u, v 
and the contiguous surfaces A 4-óÀ, u+ôu, v+ ôv. 


Fig. 274. 


Let P be the point (A, u, y), PP’ the diagonal through P 
of the element and A 4- óÀ, u+éu, v+dv the coordinates of P’. 
Let the edges of this element be PA, PB, PC, P'A', P'B', P'O 
etc, PA being an element of the normal to A, etc. This 
elementary space is ultimately an infinitesimal rectangular 
parallelepiped or ‘cuboid.’ Its edges are He xs where 

ii 2 3 
h= HA HA, herpes tay + ae, hsv xy 
: OA ôu Ov 
Its volume is Te 
hy hy hs 

Moreover, if (li, Mi, ni), (los Mg, no), (l5, Mg, Nng), be the 

direction cosines of the elements 


D bu oy 
h, ? he ? hg 
T =the projection of PA upon the z-axis 


=the small change in æ due to increase of A to 
A+A, u and v remaining unaltered, 
eh. 
=5 Or; 
On 


hence L=h, aX. 
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"no Or n -o OA, OZ 
Similarly ik X ÔN, e ele oA, 


x . om H 
he Las Ou, ete.; 


hence we have 


Ox dz 
L=h > m,=h, 2E, Aes 


Op. Ou s 
oc d Oz 
L=h, 2» T, —h, z, ng=h; =" 


Thus J or 9 y, 2) the Jacobian* of v, y, z with regard 


d 
ta e a i NA 
h, m, Ny 


T 
uu e = +. 
hh, d, Mg, m, hyhghs 
ls, Mg, ng 
(See C. Smith, Solid Geometry, Art. 46.) 


Thus the volume of the elementary cuboid is +J 9A ôu dy, 
and V, the volume of any region which is divided up into 
elements by this system, is given by 


V=|[[7ar du dr 


The ambiguity of sign disappears when the limits have been 
suitably assigned for the evaluation of the whole volume 
under consideration. 

Cor. (1). In the Cartesian system 


A=", w=y, »—2 h=h,=h,=1, 
and the formula reduces to 


v- |f [asayas; 


the formula of Art. 760. 
(2) In the cylindrical system A —7, 4 —0, v—2, x=r cos, 
y=rsin@, 2—2, and the elements are ôr, r 60, dz, 


h,=1, h=, h,=1, 


* See Diff. Calc., Art. 534. 
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and the formula T to 


v- [Ip dð dr dz; 


the formula of Art. 774. 
(3) In the spherical polar system A =r, u —60, v— 9, 
z—Tsin0coso, y-—rsinÓsin$, z=rcosd, 
and the elements are ôr, r 00, r sin Ó ó$, and 


1 1 
ee eae 


and the formula reduces to 
v=fffe sin 0 dé dọ dr, 


the formula established in Art. 775. 


790. Element of Surface. 


Suppose the region bounded by any surface S to have been 
divided up in the manner described by three families of ortho- 


a 


gonal surfaces whose distinctive parameters are A, u, v; any 
pair, say u, v, with their contiguous surfaces «+ du, v+ôv, form 
a tubular region within S. Suppose this tube to cut the tangent 
plane at P to the surface in the plane P'RPQ, which may in 
the limit be regarded as an indefinitely small parallelogram 
element of the surface. Its area is an infinitesimal of the 
second order. We may take it as axiomatic that the difference 
between the area of the intercepted portion dS, of the surface, 
and the area of this parallelogram is at least of the third 
order, on the supposition that the curvature is finite and 


A 


Fig. 275. 
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continuous over the portion considered. The area of the 
parallelogram P’RPQ is readily found from the fact that the 
square of any plane area is the sum of the squares of its 
projections upon any three mutually perpendicular planes 
(C. Smith, Solid Geom., Art. 33). Let the cuboid element of 
the u-v tube, for which PP’ is a diagonal, be constructed as in 
Art. 789, with PA, PB, PC for adjacent edges through P and 
P'A', P'B', P'C for opposite edges through P’ (Fig. 275). 
Let QN and RM be drawn at right angles to PA. Join C'N 
and B'M. Thus the parallelograms PBA'C, PQB'M, PRC'N 
are the projections of PRP'Q upon three mutually perpen- 
dicular planes. The areas of these figures are respectively 
PB.PC, PC.PM, PB.PN, i 
and it will be observed that PN —RC'—MA, i.e. 
PM+PN=PA. 

Now, as we have taken f(x, y, z)=A, f,(%, y, z) =u and 
f(x, Y, z)=v, We can express z, y, z in terms of A, u, v, and the 
equation of the surface S may be expressed in the form 
F(A, m, v)=0 by substituting for x, y and z these values. In 
fact A, m, v form a new system of coordinates; and of these 
we are regarding u and y as independent and A depending 
upon them. When u and y change to 44-ój and v4-ó», the 


total change of A is n= dn ôv to the first order. 


Now, in our Fig. 275, PM represents that part of PA which 
depends upon óu, and MA, that is, PN represents that part of 
PA which depends s ôv, t.e. 


1 OA 
PM= 5 Ou ^ ou and — [^ dv, 
the two making up the total length of PA, i.e. T 


We thus have, to the fourth order, 
6S,*=(PB.PC)?+(PC.PM)+(PB.PNY 


mta dbi E Ssn) + E LBs) 


or 88,2 | eh (2) pA (25 dies. 
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Similarly, if we had taken v, A or A, u as the independent 
pair of parameters and constructed the corresponding tubes, 
we should have had 


asst] htt ha 5) eA Jum 


mE, 


and any of the three surface elements dS,, 5S,, 6S, intercepted 
by u-v tubes, v-à tubes or A-u tubes respectively, may be 
taken as an element of the surface for integration for the 
whole. 


Thus we obtain, when we proceed ‘to take the square root 
and integrate, 


S^ [BB dud. 
itis uc. high, 
u\? dy dr 

-" h? re (24 h? > lee 
= ffar (Se) + (Se) HT) +h (Se hh, 


oy ov ny 
-[| ie "m ) Gt )t iv 


791. Cog. 1. If the Cartesian system be taken, 
- Ac MH, y=zZ, h,=h,=h,=1, 


and the elements are ôx, dy, 62, and 


s-[[W 1+ (5) + (2) ay de 


=||) + vx dz 


= [à UE CS) te) 22) dedy, 


viz. the formulae of Art. 772. 
Con. 2. If the cylindrical system be taken, 
AUS p=8, y—2, 


z-—rceos0, y=rsin@, 2—2, 
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and r, 6, z form an orthogonal system, the elements being 


ôr, ró0, d2 and h,—1, h=, h,=1; 
8S, —(r 60 . 62)*+ (62)* (27 60) +r 80 (27 às), 
oS — (62 . 9r -- (6r (r 2 óz : J-(ó2) (r = ér) 
8S4— (9r. r0) + (r 80} (Z ar) i (S 86). 


according as r, 0 or z is the dependent variable, giving the 


formulae: si if e (2) e (er ao dz 
-j en (y +n" de dr 
-[ eG Go ara 


which are in agreement with those of Art. 777. 


Cor. 3. In the spherical polar system, 
Asr, u= 0, v= $ 


and æ=rsinĝ cos, y=rsinĝ sin, z-TcosÓ, 
and r, 6, $ form an orthogonal system, the elements being 
1 1 


ôr, rô, rsin0ó$ and h,=1, h,= 2 
whence 
; B Or M 
6S,2=r2 602 . 7? sin? ôg? +r?sin?0 óg? E 80) 


3 rsin@’ 


2 (9r .,\? 
+1468 (5 780) 
8S, =r? sin®9 gh. dr? Air (r2 ap) 
r . 96 
+r? sin?0 ôg? (r = sr)” 
2 
SSg2= sr? r280? +7288? (rsin 022 ay) 


T MN 
+ 6dr? rsin 65% 60) " 
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giving the formulae 


Sea IE [^ sin?9 4- r2 sin*0 (5) + r? (55) 4e dé 
- ff | 7? sin?0 +r? (Sq) *" sin?0 (S) ae dr 
= ffyr sin?@ 26) pe? sin?0 e "dr dé, 


according as v, 0 or $ is taken as the dependent variable, 
formulae in agreement with those of Arts. 778 and 779. 

792. CHANGE OF THE VARIABLES. Form of Element of 
Area. 

Supposing the coordinates x, y of any point in the plane 
of x-y to be expressed in terms of two new variables u, v, let 
us consider the nature of the figure bounded by the four 
curves obtained by assigned values of u, v, viz. 

u, utdu, v, vv. 

Let the figure thus bounded be PQRS, 

ôu being zero along P$, 
óv being zero along PQ. 


Fig. 276. 


The several Cartesian coordinates of the four corners are, 
to the first order, 


for P, g, y; 
oc OY». 
for Q, E bu, y 39v; 
or OY o. 
for S, w+ =v, y +s, or 


for R, 2+ 2 su +o dv, y+% su 4 Hon, 
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The direction ratios of PQ and SR are E: óu, oy ôu, 


ow 


ox oy 
and of PS and QR 2, 9^ 2, 9^ 


Hence the chords joining the corresponding points are such 
as, to the first order, to form the four sides of a parallelogram 
whose area is 


Qe dy 2a, y) 

ow A dw dv or &(u, "Yit óv. 
or Oy 

w Qv 


This then is, to the second order, the area of the elementary 
curvilineal “parallelogram” PR, the difference between this 
area and that of the chordal parallelogram being at least of 
the third order of infinitesimals. Hence, taking the limit and 
integrating between any assigned limits, for ù and v, we have 


ds | bes D dv- [[rau de. 


where J is the Jacobian of æ, y with regard to wu and v. 

It will be remembered that if J’ be the Jacobian of wu, v 
with regard to x, y, we have JJ’=1 (Diff. Calc., Art. 540). 

And in cases where u and v are already expressed in terms 
of x and y, instead of x, y in terms of u and v, this rule will 
often facilitate the caleulation of J. 

Similarly, if we wish to integrate any function of vx and y, 
say f(x, y), over the area considered, t.e. to find f(x, y) dA 
where 6A is an infinitesimal element of the area, it is only 
necessary to express x and y in terms of w and v, and then to 
transform the function f(x, y) so as to express it as a function 
of u and v, say F(u, v), then to multiply it by J ôu ôv, and 
integrate, the result being 


| F(u, v) J du dv. 


793. Illustrative Examples. 
1. Find the area of the Carnot’s cycle bounded by the isothermals 
Xy =0,, LY=dg, and the adiabaties ry’=B,, xy’= Py. 
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Putting zy=u, 2y’¥=v, take an element of the area bounded by the 
curves u, v, u+du, v4-Óv. 


Ou 


me nu ga op 
Ou Ov y-1 
ay | (^ TV 
—(y-1) zy!-(y-1)v; 
n = 1 By iss 
v4 Ite 


Fig. 277. 


; Mos 155 3 
and Area required — Í Í —— : -du dv 
m JB, y-l v 


=% loghi. (s e 63, Ex. 28. 
$—1 loggi (See page 63, ) 


2. The portions of the curves zy=a*, x?—y?=b?, which lie in the 
positive quadrant, are drawn intersecting at B. The former intersects 
the asymptote of the latter in C, and the latter meets OX in A. If every 
element of the area OABC be multiplied by the square of its distance 
from the origin O, the sum will be equal to $a*5*. [COLLEGES a, 1884.] 


794. CHANGE OF THE VARIABLES. Form of Element of 
Volume. | 

Again, let the coordinates æ, y, z of any point in space be 
expressed in terms of three new independent variables u, v, w, 
the surfaces w=const., v-—const., w=const., not necessarily as 
in Art. 789, forming an orthogonal system. 
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Let us consider the nature of the figure bounded by the 
six surfaces obtained by assigned values of u, v, w, viz. 

uw, Utdu, v, V--ÓV, w, w+dw. 

Let the figure thus bounded be PQS’RP’QO’SR’, 

ó being zero over the surface PRQ'S, 

ôv being zero over the surface PQR'S, 

ôw being zero over the surface PQS'E, 


Fig. 278. 


Fig. 278. 


The several coordinates of these eight corners are, to the 
first order, 
forP, a, y 2, 


for Q, a+ = bu, y+% bu, z+% bu, 

for R, += b0, y+ av, z+% du, 

for S, 2+2 ju, y+ SY aw, z+% ou, 
dati fOr on a+ oe. w+ sw, etc., 

for R’, +o swt du, etc., 

for S’, 2-2. but 22 ôv, etc., 


for P’, n+ oe but oe v+ ow, ete. 
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The direction ratios of PQ, RS’, Q'P', SR’ are 
oy oz 
Ou du, ou 
those of PR, QS’, R'P', SQ’ are 

ox dy 

w?” w 

and those of PS, RQ’, S’P’, QR’ are 


& iu, ôu; 


dz 
ôv, $v ôv, 


Ox dy dz 
2w 9^ g 259" 

Hence the chords joining the corresponding angular points 
are such as, to the first order, to form the eight edges of an 
oblique parallelepiped, whose volume is 


Or W X 

m w a ae 

Or Oy dz _ O(z, y, z) 

Ov Ov 9 ^ G(u, v, w) 9^ 9 9v. 
or Oy c 

Ow’ Ow’ Ov 


This is, to the third order, the volume of the elementary 
solid PP’, the difference between this volume and that of 
the oblique parallelepiped being at least of the fourth order 
of infinitesimals. Hence, taking the limit and integrating 
between any assigned limits for u, v, w, we have 


r-[[[5552:2a« dv du-[[[7 dd dva 


where J is the Jacobian of z, y, z with regard to u, v, w; and, 
as noted in Art. 792, it is to be remembered that if J’ be the 
Jacobian of u, v, w with regard to xv, y, z, we have JJ'—1 
(Diff. Calc, Art. 540). And for cases where u, v, w are 
expressed as functions of z, y, z, instead of z, y, z, in terms 
of u, v, w, this rule will facilitate the calculation of J. 
795. Ex. Find the volume enclosed by the six hyperbolic cylinders 

ye-aj, — ys-aj, 

zx =b,?, zv—bg, 

ay 0, zy =c}. 
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Putting yz=U, 22=0, asy=, 


J'=|0, z, .yl|-zxzytyzz— 2 uw; 
£03 bie 
t 


e; 
21 s Jd f Be (a-a) lba- b) 42-4) 


796. It follows that if we wish to integrate the function 
f(z, y, z) throughout the volume bounded by surfaces specified 
by two specific values of u, two specific values of v and two 
specific values of w, 4e. to add up all quantities of the form 

fv, Y, 2) x an element of volume at z, y, z, 
we have only to express v, y, z in terms of u, v, w, and sub- 
stitute these values for z, y, z in f(x, y, z), obtaihing, say 
F(u, v, w), as the transformed function. Then taking, as 
before, the same element of volume, viz. Jóuóvów, the 
integral required will be 


[[[Pe. v, w) J du dv dw. 


797. Thus, if we wished to obtain the product of inertia with regard 
to the y, z axes in the above example (ot Art. 795), each element of mass 
pJ ôu dv dw is to be multiplied by yz, ze. v, and assuming a uniform volume 


density p, the preset, of inertia required is | f J puð dw dv dw, or 
MES — du dv dw= $p (a — a?) (b, — b,) (e, — e) 
ws M (aj --a,2, +a), 
where M is the mass of the solid in question. 
798. If we wish for the a-coordinate of the centroid of the solid, 


z Imr BULL f[[ 2. etude 


Modi iP MEA 


[IPs oi dae 

" __ (log a; — log a4) (b? — 5,?) (c? — c?) 

nnus u dv dw | 8 (a, —a4)(b; — b1) (eg — 61) 
24 www 


— (by +b) (o +c) 
=B : d — Ay iog (3), 


and similarly for other integrals. 
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799. We consider next the case in which the three co- 
ordinates z, y, z are expressed, or expressible, in terms of two 
independent parameters w and v, and therefore the point travels 
upon a definite surface. Consider the four points P, Q, S, R 
on the surface defined by the values 


(u,v), (u+du,v), (u, +6v), (u+du, v4-óv), 


$e. a, Y, Z; 
s+ bu, y+ 2 ou, 2+% du; 
2+ 50, y+ v, 2+% dv; 
+S gut Sdn, y+ Z ou+ 2 bo, 2+ aut 2 i. 


P 


) Fig. 279. 
The direction ratios of PQ and SR are each . 


and those of PS and QR are each 


Ox Oy 
ay oe 2, OU: 
and to the first order PQRS is a parallelogram. Let its area 
be dS. 


The coordinates of the projections of P, Q, S, R on the plane 
of z-y are 2 9 
, (x, y), (w+5;, 5% y+ oH ou), etc., 


and the area of this projection is 


Ox oy or dy . O(a, y) 
REVUE yz, Ou 1 [t ow! 9 iar ^ 4^) noo 
on oy eed 
arbi 99 deae ilaa egy 


x, Y, 1 
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and similarly its projections upon the other coordinate planes 


are O(y, 2) D(z, x) 
iw). ee. h Des we” 


whence its area dS is given by 


[24 2) P o(z x)? d(x, y) |? 
m Ed kathy: u, 2| aee 89] du? dv. 


Hence, proceeding to the limit and integrating, 
i | (atu: Z)\? , [o ELT a Eres «ri 
s-[J IE v)J Hn v) T O(u, v) I 
Cii o S- || 7t du d, 


where J= Sna 2. J,—etc, J,=ete. 


Also if the surface integral of any function f(z, y, z) be 
required, f(z, y, z) is to be expressed in terms of w and v, 
as ¢(u, v), and the surface integral required is 


[Jor v) J 2 +d 2+J2 du dv. 


If we write 


P=) + (ea) G Fan ort or oe 


e (OU) 


we have, from the algebraic identity, 
(mw —m'n)? + (nl —n'l)? + (Im'—Umy:4- (Ul + mm’ 4- nn Y* 
s. =(+ m? +n?) (24 m2+n?), 
J+J +J} =EG— F; 
'. the surface integral may be written 


[for v)/EG— F?du dv, 


as shown otherwise in Art. 744. 


800. Results connecting SV and dS. 

If 5S be an element of the area S of a surface, and P be the 
perpendicular from the origin on the corresponding tangent 
plane, we have for the volume of the cone whose vertex is at 


the origin and base ôS, 4P 8s. 
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Hence the volume of any region bounded by a given surface 
and a cone with vertex at the origin, and generators passing 
through the perimeter of any closed curve drawn upon the 


face, i 
suriace, is v=}(Pas; 


or, which is the same thing, if l, m, n be the direction cosines 
of the normal to the element dS, so that 


P=lxz+my+nz, 
is the equation of the tangent plane, we have 


V=5|le+my-+nz) ds. 


801. If the equation of the surface be written as z —f(z, y), 
the equation of the tangent plane at z, y, z is 
Z—z-—n»(X—2)--q(Y —y), 

Lom we 
P= I=’ 
and the perpendicular P from the origin upon it is 
_ prtqy—2 
V1+p?+q 
1 


Hence the formula for the volume, viz. aJ? dS, becomes 


: foz +qy —2) dz dy, 


for oa ôy = 08 008 y= a 


where 


where cosa, cos 8, cos y are the direction cosines of the normal, 
: 1 
i.e. V= EET —f(z, y)] dx dy. 


802. Let the inward drawn normal at a point P on a surface 
make an angle x with the radius vector from the origin, and 
let p be the perpendicular from the origin upon the tangent 
plane at P, r the radius vector from the origin to P, and ôS 
an element of the surface about P 


Then P cos x, and the formula for an element of volume 


forming an elementary cone with vertex O and base 9$, viz. 
4p ôS, becomes 4r cosy dS. 
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Hence we have another expression for the volume bounded 
by any curved surface and a cone whose vertex is the origin 
and passing through the perimeter of the region defined by a 
given closed curve drawn upon the surface, viz. 


V — a |reosx as ; 


3 


Fig. 280. 


or again, seeing that this element of volume is 


‘sind 80 84, 
oa 
we have ôS = $ sin 9 00 dp 
vA 
and S= [ sind dé d. 


803. Ex. Find the surface and the volume of the solid formed by the 
revolution of the cardioide r=a(1+cos @) about the initial line. 


Fig. 281. 
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0 
Here X^g» P-rcos X —2a cos? - 
m pin 73 
8-[ $ "sin 0 d9 do 
9 Jo P 


3 pr 
(2a) beer? 2 sin 0 cos 240 


wea e 


= la L8 
bd 2 EV. 
=16ra? | cos g sin 5 dà 


=16ra? [ - z cos? 4 — 52a). 
0 


Also V= | Í J r3sin 0 dô do dr, 


the limits for r being 0 to a(1--cos 6), 
$ from 0 to 2r, 
0 from 0 to r. 


Hence p (1 4- cos 0)? sin 0 dO 


im Som =§7a’, (SeeArt.751, Ex. 3.) 

804. Tetrahedral Volume. 
An expression for the evaluation of a volume for a surface 
given by a tetrahedral equation may be obtained in the same 


Fig. 282. 


way as that adopted for an area in areal coordinates (Art. 461). 
For let V, be the volume of the tetrahedron of reference, 
and let a, B, y, be the tetrahedral coordinates of a point P, 
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and v, y, 2 be their Cartesian equivalents with reference to 
some given rectangular system of axes; then z, y and z are 
linear functions of a, 8 and y, for we have a-- 8 4-y -ó— 1. 


Hence v- [[[ae dy dz—K [Jc dB dy, 


where K is some determinate constant (Art. 794). 

To determine K, apply the formula to the Dadbostelal 
tetrahedron itself. If we integrate first with regard to a for 
the tube bounded by two given planes 8 and 6+468, and 
two planes y and y+ ôy, keeping B and y constant, the 
limits for a will be from the point at which this tube cuts 
the plane a=0 to the point in which it cuts à—0, i.e. from 
a=0 to a—1—(8—-*. Then we have 


V,-K |[a—-8—» d8 dy. 


Next, integrating this with respect to 8, keeping y constant, 
the limits for 8 will be from B=0 to the point where a=0 
and 6=0, ie. where B=1—y, and 


par [o-r] irr fia 


Lastly, integrating from y=0 to y=1, v=% 


Hence K=6V,; therefore the formula is 
y—6 v, |[[a« dB dy. 


805. Surface generated by the Revolution of a Tortuous Curve 
about an Axis. 

Let a curve of double curvature revolve round the z-axis; 
it is required to find the surface generated. 

Let PP’ be the element ds of the curve. 

Let revolution about the z-axis be made through the angle 
d9, and let the perpendiculars PN, P'N' turn into the positions 
PON, PN 

Then ` PP,=NP d0, 

P'P, N'P'dO0—-NP40 
to the first order, and NP — a? +42, and the area of the ele- 
ment PP,P,'P'is NPd80.ds sin x to the second order, where x 
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is the angle between P,P and P,P,’, i.e. between directions 
whose direction cosines are 
dx dy dz 


eT MEPs a APP a oe 
ds’ de ds C" VEHY? Ve+y? i 


Hence cosy= (2 OS) vere 


and sin x= 4/(0?-+y")— (22-0) ere 


Fig. 283. 


Hence Area of element PP,P,'P' 
= Vi Ho d Edi 3 d | (o 2) (25 s yie Wie, 2p yi 
= d6 (a3 + y?)(da? + dy? 4- dz?) — (x dy —y dz 


— d0 V (z da +y dy)? + (a+ y?) dz. 


Hence, for a complete revolution the area traced out is 


2v |V dety dy +(a+y%) day, 


or in cylindricals, (p, $. 2), 


-ir[» Vdpi dà. 
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That is the area of the surface described is the same as 
would be traced out by a rotation about the z-axis through 
the same angle, of à new plane curve constructed by first 
swinging back each point of the tortuous curve from its 
actual position without alteration of its distance from the 
axis of rotation into a corresponding position upon the initial 
plane. 

And if ds’ be an elementary arc of this new curve, 


ds’? = dp? + dz?, 
and therefore Area = 2s p ds. 


806. Ex. Let us employ this formula to find the surface of a hyper- 
boloid of revolution included between two planes perpendicular to the 


Fig. 284. 


axis, the surface being regarded as generated by the revolution of a 
straight line about the axis, which we take as the z-axis, the line making 
a constant angle witb the z-axis and not cutting it. The equations of the 
line are x —a cos Ó —ztan a sin 6, 
y y —a sin Ó 4-z tan a. cos 6. 
Hence z3-- y? —a? 4-2 tanta 


and rdz-4-y dy —2 dztan?a ; 
2 8-27 | Jade tanta + (a? + z? tan?a) dz? 


= 2r NES 2 tan?a sec? a. dz 


2 CONG gy 
=2r tan aseca fA a a?——— 


sin?a 
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Hence 
costa | acosta . zsina | 
S=r tanaseca Aaa? ——+— sinh"! ——,-|. 
sina ^ sin?a a cos?a. ] ,, 


807. Case of an Annular Element of Surface. Surface of the 
Ellipsoid 


245 +2 E (ambe) 


Legendre’s Formula. 
The equations of the normal at z, y, z are 


a? a cei 


and its direction cosines are fa 2. ad E where p is the central 
perpendieular upon the tangent yee at x, y, 2, viz. such that 


GER a 


Fig. 285. 


Let a cone be drawn whose vertex is at the origin O, and 
cutting the ellipsoid at all those points at which the normal 
makes a constant angle 9 with the z-axis. Its equation is 


2 2 2 2 
pz z qg' yi s 
L—-06080 or ——=—4+%5+— 
c? ct cos?) at bt 


Let S be the area of the ellipsoidal cap cut off by this cone. 
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If we eliminate z between the equation of the cone and the 
equation of the ellipsoid, we obtain the projection of this 
curve of intersection upon the ang of xis viz. 


e$ (cisci) me (1B) 


26 (b? sin?6 +c? cos?0) = 1, 


or ———;5 (a? sin*0 +c? cos?0) 4- 


at uo ma 


viz. an ellipse of area 
in*ó 
P Ute MEMBR K Gi. AER 
oon. walsgd +c? cos? 0 /b? sin?6 + c? cos?0 
If we increase 0 to 0 4-63, we increase S and A respectively 
to S--6S and A--ó64. Now 64, the difference between the 
areas of two ellipses, is the projection of dS upon the z-y plane. 
And when 66 is indefinitely small, all elements of ôS cut off 
by contiguous meridian planes make the same angle 0 with 
their projections, which are the corresponding elements of 6A. 
Hence 6A 


6A=dScos@ and OS = SO" 


and taking the limit and integrating 


s= (£5. 


To effect the integration of Se ,we shall change the variable. 
We have 


AMI LV e 
/a? —(a* —c?) cos?@ /b? —(b? — c*) cos?0 


e $ sin 
Put cos 9 = sin Pi eh wy where c— a cos y. 
Jat— c Sin y 


sin? 
sin? 


Then 4-2-o?b? prp 
acoso. NT -f a asing 
mab  sin?y—sin?ġ 
~ Sin?» cos øp 1—k?sin?o 
_ Tab sin?y—sin?p .—. 2 __ 2°(b?—c*) 
~sinty  cos¢A nerolio ~ B(a?— e?) 
which is <1, and A?=1 —k? sin®¢. 
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And dS-siny- a 


sin $ 


-sin y| a -4 A HA e$ a, 


sin ot sin? 


unu, 4 , Tab sinfy—sin*ó coso ] 
Mox vais sng sin?y Acoso ` ante” 


_ mab |a (esce) sin? y sin* y —sin?¢ 5 $] 


sinyL \Asin ¢ cos $ Asin? ¢ 
Tab | q (sin?y—sin?) , sin*y d$ 
~ sin a G sin ¢ cos za es -$] verd A 
T: pend 
Now gA cot $)— T 


_—k4+1—4? 1—KRsintg 


A A sin? 
1 1 
CA ACA sing 
Henec 
| mab in*y—sin*$ 
~ Sin y dT eer A sin ¢ cos ġ 


+sin?y {(4—a) d$—d(A cot #)}- et s 


| mab sin? y—sin?¢ " 
~ Sin -la CR sin $ cos $ Fiestan yeot g) 


^ do 
Ei OD | 
sin?yA d$ — cos? 


cab 


_ Tab oN Pe mgs ono e ag E 
= 3 [41 A (1 — k? sin? 9 sin? — 1— k? sin? y) 
— sin? yA d4 — cos?» 29] 


aibi p) a?—c?_ c 
b(ai—3) at bv 


where 1—42? sin?,—1— 


and the limits for 0 are 0 to 5 for the upper half of the 


ellipsoid, and the consequent limits for ¢ are y to 0, and 
double to take in the lower half of the surface. 
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Thus for the whole surface 


. 2rab tan $ RR; SRT Re iar p 
u 7r A (12 sin? ġ.sin? y a), 


2rabf . 2. [* do 
Tim "La A d.$ 4- cos y, "e | 


E LEE [sin»y Ey, k)--cost,y F(y, K], 


where cos y=, a form due to Legendre.* 


808. Cases. 
In the case of the oblate spheroid, a=b, k=1, and the 
elliptic functions degenerate, 


E becoming f /1—sin?¢ dọ=sin y 
0 


4, 


it T y,T 
and F becoming i ovt tan (Z+ z) j 
giving S= dne AT LE -- eos? log tan (Z+ 7)l 
= eer E 
= 2a? Ee 5 "log tan (2 -+ 2) , 
and for the prolate spheroid b=c, k=0, E=y and F=y, giving 
S=2re? T. my 
resin (1 Vt in y ds i 
27rac 
or ote (y 4- sin y cos y). 


809. Another Method for the Surface of an Ellipsoid. 


From the formula S - [as dA 
cos 0 


we may deduce another form of expression for the area of an 
ellipsoid. Substituting the value of dA, we have 


dg wpe es DT te bet. 
cos 8 ^ att cott@y(b E cot") 
A 


Put cot 09— — 


*See Serret, Calcul Intégral, pages 338-342 ; Legendre, Exercices du Calcul 
Intégral, p. 193. 
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Then 
ds _vA+e 1 
mabe — JA — (a2) (b?+A) 
T Mina duco dint Lar ui i dX 
VA LOAD EXJ2 (a? - X) (b3--X) 
1 1 dÀ 
veu 2 NNLLA Pe WINS Se 
A+) MED A (a? 4- A) (B2 -- A) (c2-- A) 
m bata. E i Es) adr 
“| en PE e EX) X (a£- EX) (08A) (A) 
oa dala: 1 l3) A dA 
-$ re BiX^ GIA A/ JAFA (EFA) CPA)’ 
and the limits of integration for the upper half of the ellipsoid 
are 0—0 to 9-5, ie. A—oo to A=0. The result must be 
doubled to include the lower half of the surface. 
OW 1 pu 73 VA dÀ 
n f, (rx Ex ICA A (a*-- X) (+AA) 
i! jo datei uon. 
o AX (a? - X) (D 4-X) (+A) 
uit fv AM MC A 
A (a +A) (+A) (c2 4- A)-o 


Hence (See Art. 363, Ex. 5.) 
dr * 
= 2 a Lid peat tis.) LAT 
S= vate SX B X en RE 


for the whole area of the surface of the ellipsoid. 


810. We now revert to the consideration of the generalised 
system of orthogonal coordinates discussed in Art. 789. 

It will be remembered that we there obtained expressions 
for the direction cosines of the elements a ; E in terms of 

1 dU 

partial differential coefficients of x, y, z with regard to A, y, v. 

We may also readily express the same direction cosines in 
terms of partial differential coefficients of A, m, v with regard 
to x, y, 2. 


* Mathematical Tripos, 1896. 
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Rega rd ;.— I X. s se as the directions of a new set of three 
2 3 
BI re uae OA, OB, OC. 
Referred to such axes the direction cosines of the original 
axes are: for Oz ; l; k: ls, 
for Oy; m,, m,, Mg, 
for Oz; m, My, m; 


then /,óz is the projection of dz upon OA 
—a small element on OA due to an increase of 
x to z--óz, y and z remaining unaltered, 


ul On óz. 
CA 05 
gus p xo _1lo 
Similarly ub a5 OF and prep az 9^ 
On 
m, y —,- oy 9^ ete. ; 
and we have the system of equations 
E 1 Od” ine toh MIRA 
how E Sy Tp 
sajebrasoiot Haceptdcs ogg 
no bimp ago fiip bita ers 
Les SN oiii. dado 
"Rie 4 * Moy (C AMOR 
: re. Oa, od v) 
whence it follows that J’, i.e. 2—-——., 
O(a, Y, z) 


Shih |l, m, m"|-2-hh, 
EL, EE Me 
ly My ns 
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which might have been anticipated from the theorem JJ’=1 
(Diff. Calc., Art. 540). 

We thus have the following relations between the several 
partial differential coefficients, by comparing with Art. 789, viz. 
I_A yey N ped OA 

dy’? "9X P 
or Ou 1,2 oY Ou 1,2 0% — oh 


2 — ———. — = 
hy Ou or % Ou Oy 2% On o 
pre. s p eee ie dz Qm 
Ov ox Ov oy Ov dz 
E= HARHA hy (an 2- Yx2+ Zr), 
1 
and hi 99A 
Similarly Pary ent 
2 


1 
hg vs P vie y,? St Z. 


811. It is plain that the areas of the three faces of the ele. 
mentary cuboid which lie on the surfaces A = const., 4 = const., 
v —const., are respectively 

UTD EDT 
|YWE: VU WX ORE 
and that the infinitesimal distance between z, y, z and z+ ôx, 
y d-óy, z4-óz, viz. the diagonal PSP P of the elementary 
cuboid, is ev ^ 
ôs? = ôx? + dy? -- 02? = y e 


[See Todhunter, Functions of dicen vro me Bessel, pages 
210-233; also E. J. Routh, Anal. Statics, vol. ii., Arts. 109, 110.] 


812. Elliptic Coordinates. 
The most remarkable case of these orthogonal surfaces is 


that of the three confocal — (a2 5 c), 

B REL IE. are earn B: 
PI B aT aaa Th aq ich 
viz. an ellipsoid, a hyperboloid of one sheet and a hyperboloid 
of two sheets respectively, so that A is 4: —c*®, u between 

— ? and —/?, and v between — 5? and — a?. 
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To express x, y and z in terms of the parameters A, u, v, we 
resort to a well-known algebraical device, viz. 

Consider the equality 

aie pue gn Unna oer 

gotero ao l tarro ery 2 
where z, y, z have the values obtained from the above equa- 
tions. This is either an equation to find 0, or it is an identity 
true for all values of 0. 

If an equation, it is of quadratic nature; for 6° disappears 
upon muitiplying up by (a?--0)(P?--0) (e+ 0). Hence it 
could not be satisfied by more values of 0 than two. This 
equality, however, is obviously satisfied by 0 =À, 0 — pu and 
0 =», 4e. more than two values. Hence it is not an equation, 
but an identity and true for all values of 0. 

Multiply then by 0+ a?. 

= (1 YY gas p AOU 9-8) 
= (Ingle g— ar) Ot eer peo) 

In this identity put 0— —a?; hence 

a Athua yta), 
(a? —5?) (a3 —c3) 
19% A+ b?) (u+ 52) (v+ b?) 

Similarly y= E. 

Qr e) zai Un e). 


(ut @)(v+a*)_ a 


Hence dn (F(a) B)(@®—c2) a3 X 
2. ox x 
that is 25A ai wa 


[2 Z 
and simiłarly 22 - = Ey 2 OG SIX 
Again, if we differentiate the identity (A) with regard to 6, 
we obtain another identity, viz. 
g? aiik (A—0)(u—0)(v—0) 
OAF 89 ^ (+O) (a3--8) (F040) 


1 
x[55* s atara Ere 213) 
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and putting 0—2 in this result, 


Ox \2 2 Oz \? A—p)(A—pv 
alln) * (39 t ]- wee TAI 
4.6. hg —4 DEN t] 
(X — 4) —v)' 
where A, =(a?+A)(b?+A)(c?+A), A, s ete., A, = etc. 
Hence 
2 


"s wo EU ha m TASA , 
key mem ter a JC pete), 1" 


2 AES. 
rcr em Vai J 
We thus have for an expression for a volume divided up 
into elementary cuboids defined by the faces of the three 
confocals A, u, v and the three contiguous confocals 


A+6A, wt+dp, v+or, 
v= [A552 - AME ay dy, Te 


h,h,h et e 
813. In case of integration PTT the volume contained 
by the ellipsoid, ay? 
abra l, 


the limits are: for A, from A=0 to A=—c?; 
for u, from u=— e to u=—b?; 
for y, from y=—b? to y=—a?. 

814. If any function F(x, y, z) is to be integrated through 
any specific region bounded, say, by confocals Az, Àz, My Me 
X, vg, we must convert F into a function of A, u, v by sub- 
stituting for æ, y, z their values, obtaining, say, F,(A, m, v), 
and then the required summation will be 


1 MN “PA, m, v) ee BY RN dy. dy. 


8 ^h Vj v —A,A,4, 
815. For instance, if the function to be integrated be 
V—A,A,A 
EREE 2551 ie Ry b, 
105 = 67 X) Aa) a 
we have f= af. i Aw dX dy dv 
^ Pld V1 


=e (A AA 1) (us? — m?) (v — v4”). 
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816. In particular we may gather from the known volume 
of an ellipsoid, viz. ¢7abc, that the value of the definite 
integral 

=e p-e (G0 4) 
ed dy dy i8 abc. 
E ji ks J/—A å, â, MF adti 

817. The elements of surface of the three confocals at a 

point of intersection are respectively 


ET O TOA N(v—A)(À — — u) 
—Ó =H(u— tieng cr t 
dv dX VA — u)(u.—v) v) 
MM Sam car y= 
MENG Ly are V (u— v)(v—2). 
d8,— A, —10-nu) JAM, 


818. We may thus, for instance, express the area of any 
portion of the ellipsoid A—0, bounded by confocals mı, us, 


Vi» V9, aS "Wm | H2 ers ut 
871|. [eo 


819. The distance ds from A, u, v to A+6A, u+ôu, v4- 0» is 


given by ds? = ja? -- dy?+ óz? 
EG 
=H th = 
THOTA O ne | 
2i ep | 
And 


8 == 


1(T(.—2)0.—9 ge, UNUA) g (69 0—2) gel 
all or NN NU PH ae Oe n av | 
In the case where the line lies on the ellipsoid A —0, 
saj u(u—») 3 "Ea v(v Waal 


And when the curve on the Pees is KM defined by 
a relation between u and v, further reduction may be effected. 
For instance, along the line of curvature which is the inter- 
section of the intersection of \=0 with 4 —const. = uo, say, 


_ 1. [v(v— 1o) 
ses ATA de 


vi 
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or writing 


ne — d?) 
wm]; Gem a 
for the length of a specified are of a specified line of curva- 
ture upon the ellipsoid. 
820. If we write 

A+a*=),?, u+a= pu, y--a3— y, 

A+ b?=),7—b7, wt b?="2—b,, v+ b= 2— bè, 

A+ @=),?—¢,, wt =u v+ =ne, 
the conicoids become 


we have 


ot nd riu Bao to aeg v 
Ag a Na , E 2 bet 
“at; "m p anus js ^ EL 


and we have a cicli iot of simplification of the 
formulae, but with a loss of symmetry.* 
Thus we obtain 


yea uin y= (A? b?) (u,?— b?) (4 3—e oe) 


bei (b, 2-8) b? 
LAR mea E —¢,*)(v,? =a) 
(c à— —b,? m e 


P =||] 7-4 (u,” — v,7)(v,2 —A 1°) 04?— 44?) dr, du, dy, : 
JA2—b,)02— (Ay?— 5,2) 0,2— 6,2) (my? — —b.*)(63— u,3)(5,5— ,)(e,3—»,)' 
and for the volume of the ellipsoid 

T y? EM 
Tlie Vor BST Xia 

the limits are : for À, from c, to À,; 

for u, from b, to c, ; 

for v, from 0 to b. 
2 UAE it follows that the value of the definite integral 


AA (m? — r?) (r? — A2) (Ay? — my?) AA, du, dy, 


1, 


EB.) OF 69) (mb (e ay) O19) (e? n?) 
bo, JAg— 6 VA2— 0,2, 
Vii an octant of the ellipsoid. 


* This is the notation adopted by Todhunter, Functions of Laplace, Lamé 
and Bessel; Bertrand, Calc. Int. 
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The suffix has been retained to prevent misconception as to 
the meanings of the several letters, but may now be dropped. 
For this and the values of other definite integrals of similar 
nature, see Todhunter, Functions of Laplace, Lamé and 
Bessel, Chapter X XI. 


821. Solid Angle. 

Let C be any closed curve, plane or twisted, bounding any 
region upon a surface, O a fixed point, and S a sphere of 
unit radius, with centre O. Let a cone with vertex O and 
generators passing through the perimeter of C, isolate on the 
unit sphere an area w. Then w is called the “solid angle” 
subtended at O by the portion of surface bounded by C. 


The area of a sphere being 4v x (radius), it follows that 
the solid angle subtended by any closed surface at a point 
within it is 47 ; at à point upon it which is not a singularity, 
27; at a point outside, 0. The solid angle subtended at a 
corner of a cube by the rest of the cube is art At a 
point on the line of intersection of two planes cutting at right 
angles, each of the regions into which space is divided by the 
two planes subtends a solid angle Hir. At the vertex of 
a right circular cone of semivertical angle a, the solid angle 
is the area of the portion of unit sphere, centre at the vertex, 
cut off by the cone, t.e. 27.1.(1—cos a), t.e. 27 vers a. 
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A circular disc of radius a subtends at a point O on the axis 
whose distance from the plane of the disc is h, a solid angle 


2r [1 —eos (tanc 2) =2r(1 rp) 


Fig. 289. 


angles to the radius vector, is r* sin 0 00 d¢, and if dw be the 
solid angle subtended at the origin O, we have 
T'sin000809 7? 
dw ~ 1? 
ae. the area pqrs, viz. dw, intercepted upon unit sphere by 
radii vectores to the boundary of the element whose face is 
PQRS, viz. r? sin 0 00 d¢, is given by 
dw — sin 0 30 ó9. 
The element of volume r?sin0 $0 dø ôr. may therefore be 
written as T? dw ór, and 


V=[fr2dodr=5 fr dn 


In the case of the sphere is constant, and 
zi.4m-$UÓ. 
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$23. Let the inward drawn normal at any point of a 
closed surface make an angle x with the radius vector r to 
the point, and let dS be an element of the surface about the 


Fig. 290. 


point; then the projection of 6S upon a plane cutting the 
radius vector perpendicularly is ôS cosy, and in the limit 


when 6S is infinitesimal, we have 
“y 


2 
a X= p or óS-r*secx dw, 
to the second order ; whence 
= fe sec y dw. 


Also, if » be the perpendicular upon the tangent plane at 
the point v, 0, p, we have 


p=reosx and S- (7 de 
Obviously it follows also that 
I dS =|do=«, 


and if the closed surface surrounds the pole O, this gives 


[SX ds—ar. 
If O lies at a point on the surface where there is no 
singularity, cos 
| za dS—2r. 


If O lies outside the closed surface, 
cos 
| SX d8=0. 
If O lies at a conical point of solid angle w, 


[asa 
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These theorems are of great importance in the theory of 
attractions, and are due to Gauss. (See E. J. Routh, Anal. 
Statics, vol. ii., Art. 106.) 


824. Solid angle subtended by a triangle at a point not in its plane. 

Let ABC be a triangle of sides a, b, c lying anywhere in a given plane 
XY, let O be a point not in this plane, and let OA, OB, OC be respec- 
tively p, q, r. Let the planes OBC, OCA, OAB intercept on the unit 
sphere, centre O, the spherical triangle A’B’C’ of sides a’, b', c', and let p’ 
be the great circle perpendicular from A’ on BC’, and let w be the solid 
angle subtended by ABC at O, and E'the spherical excess of the triangle 
A'B'C. 


Fig. 291. 


Then w is measured by the area of A'B'C', i.e. 
w= E'— A' 4- B'4-C'— 

Hence it appears that triangles bounded by planes such that the 
sum of the angles between them is constant subtend the same solid 
angle at O. 

Cagnoli's theorem gives 

dm Vsin s sin (5 —a') sin (s — b')sin (s x 
— cos > 
or, which is the same thing, 
sin a’ sin b' sin C 
- — M———nn 


4 cos o4 mu cos — 
2 2 2 


[Todhunter and Leathem, Spherical Trigonometry, Art. 132.) 
Now let the volume of the tetrahedron OABC be called V ; then 


4. $grsina’. psinp'— V, 
i.e. pqr sina’ sin b’ sin C' —- constant —6V. 
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Again, g? 4- ? — a? — 2qr cosa’, 
i.e. (a+r? -a= Agr cos! 
and if II? represent [(g +r} —a?][ (r - p? -bip +g) —c?), we have 


2 17. cogtU. cog? S. - Pond a 
Il? =64p%q’r? cos g 008% cos! 7 and II —8pgr cos > cos g 99 
sai V 

Hence sin = 125 i 


Also, if be the distance of O from the plane of ABC and A the area 

of the triangle, ned ^ 
V=}hA and sin 5 = 4h 7. 

If then the triangle moves in its own plane in such manner as to mahe 


((g--r?-af)(r4-p)-bn(p-g?-c]-constant, —, 
the solid angle at O will remain constant. 

If the triangle ABC be a fixed non-conducting lamina uniformly 
electrified, this equation will determine the lines of equal density of 
electricity induced upon an infinite parallel plane conducting and 
uninsulated. 


825. ILLUSTRATIVE EXAMPLES. 
1. To find the volume of the portion of the paraboloid 


Lo. dm 
Fa Semen 


eut off by the plane l7+my+nz=p. 


I 


Fig. 292. 
The difference of the z-ordinates of the plane and the paraboloid is 
i 2 
LIUM at (245 


n 2\a b 
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2 

3. To calculate the value of Í j j (555) de dy dz, the integra- 
tions being conducted through the volume of the ellipsoid 

v/a? + y3/b? + 22/02 — 1. 

rn A 

Take ait B + ar à. 

The volume of the ellipsoidal shell bounded by the similar ellipsoids ô 
and à--dà is d (&rabcà!) =2 rabedt dà, 
and (ô) is constant throughout this shell. 


Hence fff p (++) de dy de=2nabe Í (8) V3d8 


4. Find the mass of a thick focaloid,* i.e. a shell bounded by confocal 
ellipsoids, the layers of equal density being confocal surfaces, and the 
density at each point inversely proportional to the volume contained 
by the confocal through the point. 

2a | as ok HO ; 
Let #@ritReat ata 1 be the confocal through the point, and let 
2973.9. gi. Rip 
atatao mta 
be the outer and inner surfaces of the shell. 
The volume contained by the ellipsoid A is 
V — 4r A (a? 4- A)(b3 4- A) (c - À). 
The volume of the layer between the surfaces A and A+dA is 


1 1 1 
aV - eG XXE Cac ge targa) 
The law of density is 


p kjár (a - A) (D34- A) (cl-- X), k being a constant. 


Hence the mass of the layer is 


k 


1 
paV=— 


1 1 
(aratata) 
and the mass of the thick shell is 

ð 
M= f, o4 - [21g (99094 (6 3) | "s 


= 4 log a?b*c? — - log a? (b? +a? — a?) (c? +a? — a?) 


» abc 2_ gf! U E E P 
=klog po for a? -a=b -b2 =¢ -¢?; 
and if D be the density of the outer layer, 
k 
Dm 7773 5 
a 
Hence M=4rabcD log avc: 


*For this term see remarks by E. J. Routh, Anal. Statics, vol. ii., p. 97, and 
Thomson and Tait’s Natural Philosophy. 
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'The area of such a section is 
rug TNP (al? -bm? + 2pm) 


(C. Smith, Solid Geometry, p. A 
The thickness of a slice is dp. 
The slice of zero area is such that 
al? --bm? + 2p,n =0, 
pı being the corresponding value of p. 
The limits of integration with respect to p are from p, to p. 


Hence | V= qus [ (al? + bn? + 2pn) dp 
“Silat Pi) +n (p? — "ums ‘ 
NB. 2j 
PM ? 


nè? 


ra (2pn a? +bn?), 


as before. 


We may note that frusta of finite thickness whose bases are parallel 
to a given plane are such that their volumes vary as the squares of 
their thicknesses ; also that frusta of given thickness are such that their 
volumes vary as the squares of the secants of the angles which the 
normals to their bases make with the axis of the paraboloid. 


2. To caleulate the value of Í J | (la+my + nz) dx dy dz, the integra- 
tions being conducted through the volume of the ellipsoid 
= 03/0? +y? + 22/00 — 1, 
l, m, n being such that ?+m?+n?=1. 


Let la+my+nz=6. 
The area of this section of the ellipsoid is 
abc 8 
ATEM (1-3 a a 
p 


where p?=a7l? + bm? + c?n?, 

Consider the ellipsoid divided into thin slices parallel to this plane. 
The volume of such a slice is Adé to the first order, dô being the thick- 
ness of the slice, and (ô) is, to the first order, constant through the slice. 

Hence 


f [ [ 922 mr nh de dy deo [P eo -; as 
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2 
3. To calculate the value of e uM ur dz dy dz, the integra- 
a b 8 


tions being conducted through the volume of the ellipsoid 
aja? +y? + 22/02 — 1. 


Take atata? 
The volume of the ellipsoidal shell bounded by the similar ellipsoids ô 
and à--dÓ is d ($abc*) — 9 vabcà! dà, 


and (ô) is constant throughout this shell. 
a? yt 2 M 1 
Hence f[ [95 ) ae dy de=2nabe | 6) J5d8 


4. Find the mass of a thick focaloid,* i.e. a shell bounded by confocal 
ellipsoids, the layers of equal density being confocal surfaces, and the 
density at each point inversely proportional to the volume contained 
by the confocal through the point. 


a y^ uw. d 
Let e meig ora W as Cag 1 be the confocal through the point, and let 


2 2 £d 
4545-1, Sie el 
be the outer and inner surfaces of the shell. 
The volume contained by the ellipsoid A is 
V — 4r A (a+ A) (B5 +A) (c 4- X). 
The volume of the layer between the surfaces A and AÀ--dA is 
dV - gr EX EX X ( ayy gp tay) 
The law of density is 
p kj&z (a+ A) (D34- A) (ct 4- X) , & being a constant. 
Hence the mass of the layer is 
pA - Sor Beta) 
2Va* +A BHA +A)” 
and the mass of the thick shell is 


M [^ pd =| Flog (at+ay(o+ aye? +d) | 


A 
a/1—g1 


=: log a%b?c? — : log a? (D? +. a’? — a?) (c? -- a? — a?) 


E abc Pe EE X EN e P DEP, 
=k log aie for a? -a=b -b2 =¢? — c? ; 
and if D be the density of the outer layer, 
k 
uim 7 
Hence M —$rabcD log ape’ 


*For this term see remarks by E. J. Routh, Anal. Statics, vol. ii., p. 97, and 
Thomson and Tait’s Natural Philosophy. 
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5. Consider the region bounded by 
(1) a sphere 2?--5? -z?— 9? ; 
(2) a right circular cylinder z?--5*—bz — (a4: 0); 
(3) the two planes y= + tan a. 
We shall first find the volume enclosed by these surfaces in the positive 


octant of space. 
Take cylindrical coordinates 7, 0, 2. 


Fig. 293. 


The elementary prism on base r80 dr has volume rz 00 ôr to the second 


order, and 
V= Í Í rz dó dr 
E f | ral - rid dr 


~ = -3 | L(a- 7h ao, 


and the equation of the trace of the cylinder upon the z y plane being 
r—bcosÓ, the limits for r are 0 to bcos, whilst the limits for @ are 
from 9 —0 to 0 =a. 


Hence v=; a {a3 — (a? — b? cos? 9)3 d 


=hata—% f (1 -H cost) db 


$ and a=5-B in the integral, 


y-le(2-g)-5 anao; 


T 


Writing Ci - 
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where por 1- a sin? m 


"-16-5-$(- [o 


and by Legendre's formula (No. 10, p. 399), 


/2 
th M PM 


jg asdp=" Asin $ cos p+ 
0 


and if E,, F, be the real quarter periods, we have 


v=5(5 -B)-5 - 5 sin B cos pene 
+4 (8 - B)- a- F)), 
where z-[' 1- Zein d$ and r-[' ——— 
1 -D inte 


And for the whole volume of the sphere included between the specified 
boundaries, we have four times this quantity. 

When the cylinder just touches the sphere, £e. b=a, the elliptic 
functions degenerate. 

We then have for the volume in the positive octant 


r-5['a- sin?) dô 


=f (ee 0) ag 


-5 [4a — 3(1 -cos a) 4- 3 (1 — cos 3a)] 


=F (12a -9 vers a+ vers 3a) ; 
and in li case where the planes y= +2 tana coincide with the y-z plane, 
i.e. a= =, the whole volume cut out of the sphere by the cylinder 
=a cos à is 


=< 6r- 8) =" (sm —4), 


To find the surface of the sphere thus bounded in the positive octant, 
we have 
S= f [secy.rdé dr, 


y being as usual the angle the normal to the sphere at r, 0, z makes with 
Jai —r? 


the z-axis; that is cos y-i- 
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PN S= || 570 ar 
i WA A [ [vaa] cos *10 


=a {a — Va? — b* cos*0) dé ; 


and putting as before O=5 - $ and a=5-B, 


Saat(5 6) +a af1—aintgae 


no(G-e)ee( eta aT 
-a(3-8) +0 {2(6 azala a)}i - 


and when b=a, we have 
Ea MP 
S=a [a sin 0) dó 
=? (a — vers a) ; 


and for the further particular case when a=5 j 


S-e (2-1) 


And in each case the whole of the surface of the sphere intercepted in 
this manner is four times the portion which has been found. 

6. At every point of an elliptie lamina a straight line is drawn 
perpendicular to the plane of the lamina and of such length that the 
volume (p, say) of the rectangular parallelepiped formed by this length 
and the distances of the point from the foci of the elliptic boundary is 
constant. Given that a and b are the semiaxes of the elliptic boundary, 
show that the volume of the solid thus formed is 

E TH Jo a+b 
87-5: [CoLLEGEsS, 1891.] 
Taking z--«y =c cos (0 +ıġ), we have 
zx=ccos@coshd, y= —csin ĝ sinh $, 


and the loci p=constant, 0 —constant are the confocal conics 


AE DE EA ROT E «era LENS 
cosh’ csinhtp  “"° cost sint ^ 
and the focal radii 71, r are such that rı +r —2c cosh œ, rı — 74— 2c cos 0. 
Let the elliptic area be divided up into elements by confocals in this 
way, taking the element bounded by 6, 0 4-80, p, $+5¢ as a type. 


Now f| F, y) dx dy= | f F (0, $)J dô dà, 


where F; is the equivalent of F in terms of 0, ¢. 
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Also J= o0 =| -esin ĝ cosh d, | ccos0 sinh 
—ccos Qsinh $, —csin 0 cosh $ 
— C* (sin? cosh? $ -- cos? sinh?) 
— c*(cosh? $ — cos?9) 
-dnengy - (n -ny)2nrn, 
and by the condition of the question jy —zr,rs. 
Thus 


Vormec V — | | zdzdy= | [75.75.40 d 18169), 


and the limits for 9 are 0 —0 to 0— -5 and for ¢ from $—0 to the value 
for which c cosh ġ =a and csinh d=), that is $ —sinh-! EB 


Fig. 294. 


Thus i " " 
+a at 
V= =p z sinh? Ja-p^"8 log =a =p = 4 log 3 


7. In the evaluation of such integrals as /,= Í a taken over the 


surface of an ellipsoid of semi-axes a, b, c, where the surface is S and the 
volume V, p being the central perpendicular upon any tangent plane, 
consider three points P, Q, 2 on the surface, which are the extremities 
of three semi-conjugate diameters. Let 9$, 5S,, 6S, be any elements 
of the surface about the three points and ,, p», Pz the corresponding 
perpendiculars. 


Then l= a8; or em or [5 dj 


P z 


-1 (25.35 aS, 2] 


Now suppose these eleraents " area Si, 5S,, 8S, to have been so 


chosen that 88, 88, æ 88, 8s 
pi att py pm 


say. 
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Then, since ait pj ts 3 =5+ Bt 
we have tal Genet) i 
t.e. I= aa tata JI 
we also have L,- f» dS=3V, and 1,—-8$; 
whence we can readily infer the values of J, Ig, Iz, ete., viz. 
Ton Isai 1. 


S^ 3V =s(at *a*a)- 


PROBLEMS. 


1. Find by integration the volume of a frustum of 
(1) a pyramid on a triangular base, 
(2) a pyramid on a square base, 
(3) a cone. 

2. Find the volume of the portion of a sphere bounded by planes 
through the centre which cut the sphere in the sides of a given 
spherical triangle ABC. 

3. Show that the volume cut off from the paraboloid 

+4? = 4az 
by the plane z+y+z=4 
is 18ra’. 
4. Show that the volume of the solid bounded by 
g2 2 gn 
a + mt cin ii 
4n 
2n t 1 
5. Show that the nee bounded by the surface 


y z "s 
ath =2 (24 tj 


and the planes z=0, z=h 
Qrabh (h\2 
2n 4-1 A) 


ig mabe. 


is 


6. Show that the volume of a slice of the ellipsoid 
a goog 
att anh 
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bounded by the parallel planes 
lz+my+nz=6,, 
læ + my + nz=6,, 
abe 
dps (8, — 82) (3p? — 8? — 8,8, — 6,7), 
where p is the central perpendicular upon a tangent plane parallel 
to the faces of the slice. 


is 


7. If A be the area of a central section of an ellipsoid parallel to 
the tangent plane at the elementary area 98, show that 
dS 
Ja-* 
the integration being taken over the surface of the ellipsoid. 


8. Prove that over an ellipsoid of semiaxes a, b, c, 


f pdS= 4mabe, 


dS 4 /be ca | ab 
"(2 b =) 


Ug OFT I 
ara ate a) 


dS being an element of surface, and p the central perpendicular 
upon the tangent plane. 


Investigate also the value of [5 
p 


9. Apply the formula r-;| (lz + my + ns) dS to find the volume 


of an ellipsoid, z, y, z being the coordinates of any point on the 
surface, and 1, m, n the direction cosines of the normal there. 
[COLLEGES a, 1881.] 
10. If the ellipsoid of semiaxes a, b, c be very nearly spherical, 
then its area is, to the first order (inclusive) of the small quantities, 
represented by the difference of the axes 
Arad D$ cs, [Trinrry, 1891.] 


11. Show that a portion of a spherical surface (radius unity) may 
be bent into the surface of revolution defined by the equations 


2 =I cos p cos, y — k cos p sin, z= E(p, 2) (={ VI - k? sin? p dp); 
0 


and explain the geometrical theory, distinguishing the two cases 
kgl; k> (Maru. Tripos, 1887.] 


| 
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12. The curve z= f(x), y=0 revolves about the axis of z, and the 
surface thus formed is intersected by the right cylinder y= $(z), 
which is symmetrical with respect to the axis of x: prove that the 
cylinder cuts off from the first surface a portion the area of which 
can be determined by the evaluation of the integral 


dz\?_. ay 
f 4h t (=) sin 5dr 
between proper limits. [Oxronp II. P., 1888.] 
13. Show that the cylinder (z — c)? + y? = (a — c)? cuts off from the 
sphere z? + y? + 2? — a? a portion of which the area is 


8a {a cos (a-t) — ck (a —c)*}, 


& being supposed greater than c. [Oxron» II. P., 1888.] 
é 
14. Prove that the volume cut-off from the paraboloid 
gi y* Os 
qi. 
by the plane 2=pe+qyt+r 
a mabe (um pg 2n? 
es "4 và *&8*7)'  [Oxronp II P. 1902.) 


15. Show that the volume enclosed between the surface 
2? { (a? + y? + c2)? — 4er? ) = cty? 
and the cylinder a? + y? = ¢? 
is (m - 2). [Oxron» II. P., 1886.] 


16. By application of the formulae V= aÍ pdS, V= | z cos y dS 


to the evaluation of the volume of an ellipsoid, establish the results 
(1) " (p? — v?) du. dv oT 
j, oV© -E-P - p?) (u -0 2 


d. CAE PR 
9 22,2) A dudv=— (d - BP). 
o [ | ^-^ rii rnit 
(See Art. 820 for the notation.) [Lamr. } 


[TopnnuNTER, Functions of Laplace, Lamé and Bessel, pages 216, 217 ; 
BrRTRAND, Calc. Int., pages 424, 426.] 


17. Show that the volume bounded by the surface 


q2 y 
Spp 
and the planes 24-0, 2-4 
is arab | [5 (2) da. 
0 
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18. A cavity is just large enough to allow of the complete 
revolution of a circular disc of radius c, whose centre describes a 
circle of the same radius c, while the plane of the disc is constantly 
parallel to a fixed plane, and perpendicular to that in which the 
centre moves. Show that the volume of the cavity is 


= (37 + 8). 
19. If O be a point without a sphere of radius a and centre C, 
and r the distance of any point of the sphere from O, show that, 


integrating ia over the surface, we have 


dS wa : 
sss E pute ees 
and 2z ^ log <—* if n=2. 
c °Ct+a 


What will be the results if O lies within the sphere? 


20. A surface is obtained by making the diameter 2a of a semi- 
circle move parallel to itself, the path of the centre being perpen 
dicular to the initial plane of the semicircle, whilst the plane of the 
semicircle rotates round the diameter; and when the plane has 
moved through an angle @ the distance which the diameter has moved 
is csin. Prove that the volume of the whole surface so generated is 


gra? + $7?ca?. [Tarwrrv, 1890.] 


21. Use the theorem 


y- ME dy de = IE du du dw 


to find the volume of the parallelepiped enclosed by the planes 
az+by+cz=0, agz+by+toz=0, ac+by+c2=0, 
az+by+cez=d, actby+aqz=d,, art dy t+ cz=dy. 
22. Prove that the area of that portion of the surface 
(m? — 1) (a? + 9?) = z?, 
which is cut out by the surface 
z=a-lz? + bly? 
where a and b are positive, is 


T 
Qm - 1)a30 (a +b). [Oxrorp II. P., 1890.] 
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23. Show that when f(z) is a slowly changing function, 
b 


| f(a) dz 
is approximately equal to 1 
b- a+b 
[ro + af (*F) «f 
Prove that this formula may be used to calculate exactly the 


volume cut from a hyperboloid of one sheet by parallel planes 
meeting it in elliptic sections. [Corrkars a, 1881.] 


24. Prove that the volume included in the positive octant between 
the surface 22 (a? + y? + an (22 + 2q2)2n = gin+4y? 
and the planes z=0, =0, ¥=4, Y= 

maè 1.3.5... (4n—-3) " 

mtm 2.4.6... (4n- 2) 
n being a positive integer. 

25. Show that the area of that part of the sphere r — 1, enclosed 
by the cone ta : — J/3 cos ¢, is r. 


is 


[COLLEGES a, 1881.] 
26. Show that the volume of the solid, the equation to the 
surface of which is 22 + ax? + 28zy + By? = 2uz, 


is akadi Rn 
3 JaB-8 [Corrzozs, 1882.] 


27. If in the tangent plane at the vertex of a paraboloid two 
ellipses be described whose axes are in the principal sections and 
proportional to their parameters, the cylinders whose bases are these 
ellipses, and whose generators are parallel to the axis of the 
paraboloid, will intercept on the surface a portion whose area is 
proportional to the difference between the radii of curvature of 
either of the principal sections at the points where it intersects the 
bounding curve. [CorrEcrs, 1892.] 


28. If the density of a tetrahedron at any point vary as the n™ 
power of the sum of the distances of the point from the faces of the 
tetrahedron, show that the mass of the tetrahedron 


i 1.2.3 nt 
P Wy +1)(r+2)(r+3) » (P1 - 23) (Pı - Pe) (Pı - 0) 
where Ț is the volume ; 7,, Po, p, p, are the perpendiculars from the 
corners upon the opposite faces, and k the density at the centroid of 
the volume. 

Examine what happens in the case of a regular tetrahedron. 
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29. Find the volume contained between any two planes perpen- 

dicular to the axis of x and the surface whose equation is 
(+A) = (<2 + Ba) + (a? + Bx) 22 

[Sr. Jouw's, 1884.] 

30. Show that the mass contained between a paraboloid of revolu- 

tion and a sphere, with centre at the vertex and diameter 2a, equal 

to the latus rectum of the paraboloid, where the density at any point 

varies as the square of the latus rectum of the paraboloid containing 

it and having the same vertex and axis as the bounding paraboloid, is 


F(T 4vB)atp 
where p is the density at the external surface of the paraboloid. 
[CoLLEGES ô, 1883.] 
31. Find the volume between the surfaces 
z(y? +2) =, yua£g-4Bg, y=bz, 
ste) =a PEPA, y= bg. 
[CoLLEGES 3, 1881.] 
32. Prove that if a, b, c be any positive quantities in descending 
order of magnitude, the solid angle of that part of the cone 
aa? + (by? — cz?) (a? + 42) =0 
which lies on the positive side of the plane zy is equal to 


E b b» 
por e v . _, fe(a+b) 
4 sin £) i 3) sin i (c5) ` 
[ConrEcss B, 1891.] 


33. Prove that the volume common to a sphere and a circular 
cylinder which touches it, and also passes through the centre, is 


+ ~& of the volume of the sphere. [Sr. Joun’s, 1891.] 


Also show that the sum of the two spherical caps cut off by the 


cylinder forms pie of the area of the sphere. 
27 


34. A sphere of radius a is cut by two diametral planes so as to 
form a lune of angle a, which is itself cut in two by a plane inclined 
at an angle B to its edge and passing through one end of it, and 
equally inclined to the two faces of the lune; show that the volume 
of the pointed part is 
a 
2 LI 
1 4- sin? B tan? 5 

[Sr. Joun’s, 1881.] 


sin f cos? B tan 


satin B4 (2 +cos?£)tan-? (sin P tan 3) 4 
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35. Prove that the moment of inertia about the axis of z of the 
part of the paraboloid 2z = az? + by’, cut off by the plane 


le+my+nz=p, is 


T — (bl? + am? + 2pnaby (UI (a + 7b) + am? (Ta +b) + 2pnab (a + b)}, 
24n* (ab) 
the density being taken as unity. [Marn. TnrPos, 1890.] 


36. If 4+B+C=0 and the coordinate axes be rectangular, 
prove that 


ffe. B, C; D, E, F ja, y, 2}? x (4, B, C, D', E, P ja, y, 2] do 
=<" (44' + BB & CC & 2DD 4 2EE +2FF), 


where the integration extends over the whole surface of a sphere of 


unit radius whose centre is the origin of coordinates. 
A [CoLLEGES, 1892. ] 
Also show that the unconditional result is 


1s (484 +B+0)+B(3B+0+4)+0(80+A +B) 
-4DD' -AEE' - AFF]. 

37. A flexible envelope is in the form of an oblate spheroid, such 
that e is the eccentricity of a meridian section: the part between 
two meridians, the planes of which are inclined to each other at the 
angle 27 (1 — e), is cut away, and the edges are then sewn together. 
Prove that the meridian curve of the new surface is the “curve of 
sines,” and that the volume enclosed is changed in the ratio 

3re?: 8. [Sr. Jonw's, 1889.] 


38. A surface is such that 4 BCD being any rectangle in the plane 
of z, y, with its sides parallel to Oz, Oy, and AP, BQ, CR, DS being 
drawn parallel to Oz to meet the surface in P, Q, R, S, the volume 
of the solid 4 BCDPQES is equal to the base 4BCD, multiplied by 
the arithmetic mean of 4P, BQ, Ck, DS. Prove that the surface 
is a hyperbolie paraboloid. [MarH. Tripos, 1876.] 


39. Show that the integral 
2 rtyci 
fff Vai+b2+c2 dx dy dz 


taken over the volume of the ellipsoid 


FP 2 
atata?! 
] mabe M 
is -4. (6*3e) [Corrzaors, 1885.] 
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Prove more generally that 
k E myrnz 
ffe Vat+or+erdy dy dz 
over the volume of the ellipsoid 


Me 


(k cosh k — sinh k), 


and find the values of 


{| edz dy dz; [Jer dy dz; ff [oras dy dz 


through the same space. 


40. On a closed oval surface of volume V and surface S, whose 
curvature is everywhere finite, rolls a sphere of radius a; the surface 
of the envelope of the sphere is S'. Prove that the volume of the 


envelope is V+a(S' +S) -14,8ra%, (Maru. Tnrros, 1886.] 


41. Show that the volume of the pedal of an ellipsoid taken with 
the centre as origin is less than that taken with regard to any other 
origin ; and that the sum of the volumes of the pedals, taken with 
regard to the extremities of three semi-conjugate diameters, is six 
times that taken with regard to the centre. [Marn. Tripos, 1887.] 


42. Show that the moment of inertia of the ellipsoid 
ax? + by? + cz? + 2fya + 2gza + 2hzy = 1 
about the axis of z is 
4M (ca - g? +ab — h?) (abc + 2fgh — af? — bg? — ch), 

where M is the mass of the ellipsoid. (Trinity, 1890.] 

43. Find the envelope of the conics 2? sec*@—4?tan*6 =a’, where 
0 is the variable parameter. Show that in addition to certain lines 
it consists of a curve whose asymptotes are r= +a. Also, if the 
area between the axis of z, an asymptote, and the corresponding 
branch of the curve be 4, and the volume generated by the revolu- 
tion of this branch about the axis of z be V, prove that 


V nad prot | " (sin $$ dd. 


44. Show that the value of 


Io xyz dz dy dz 
Nn 


[Cornrzars B, 1890.] 
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taken throughout the positive octant of the ellipsoid 
4-3? + b7?y? + 07222 = 1 
ate be +cat+ab 
15 (b+c)(c+a)(a+b) [Oxrorp II. P., 1888.] 
45. Prove that the mass of a sphere of radius a, whose density at 
any point P is 5 where k is a constant and 4 is a fixed point 


distant f (>a) from the centre of the sphere, is equal to 
4 ka? 
3 zk d [Oxr. I. P., 1914.] 
46. Prove that the volume which lies within the sphere 
+ y?+22=a3 
and the ellipsoid 
2? sin?a cosec? B + y?cos?a sec? 8 + 21 =a, 
where 0 — a — B — i7, is 
$a*(r — 208 + 2a sin 2/8 cosec 2a). — [Oxr. I. P., 1916.] 


47. P is a point of abscissa z (70) on the parabola 
2322ay 2-0, 
and Sa? is the area of the segment bounded by the are OP and the 
radius vector OP; the straight line PQ of length 2Sa is drawn 
parallel to Oz. The locus of Q being a curve which passes through 
the origin, prove that 
(1) the length of the are OQ is x + 22/60? ; 
(2) the cylindrical area bounded by the ares OP, OQ and the 
straight line PQ is 
a?/45 + (322 — 2a?) (2? + a?)3/90a*. — [Oxx. I. P., 1916.] 


48. Show that the two cylinders 2?/a? + 22/? — 1 and y? = 2b(c — 2) 
intercept on the plane 2 — (where K?— c?), a rectangle of area 
4a(1 —k/c)/26(c + k). 
Show that the volume cut off from the cylinder «?/a? + 22]? — 1 by 
the cylinder 5? = 2b(c — z) is 


12900 /Dc. [Oxr. I. P., 1917.] 
49. The sphere 2? + y? + 22 =a? is intersected by the cylinder 
2? + 4? = az. 


Prove that the ratio of the spherical area cut off by the cylinder 
to the cylindrical area cut off by the sphere is 
7—2:2. [Ozr. I. P., 1915.] 
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1 z? dy 
a: Sonar I u Jà e a ‘eg [Oxr. I. P., 1915.] 

' dx d 
51. Find the value of atta taken all over the plane 
2, y; p being greater than unity. [Oxr. I. P., 1915.] 


52. Find the four points where any line parallel to the axis of 2 
intersects the surface (x? + y? + 27)? = 4 (a2? + a%y?), 

Prove that the volume enclosed by that part of the surface which 
lies above the plane z=0 is 4.20%. [Oxr. II. P., 1915.] 


53. If the coordinates of a point on a certain surface be expressed as 
“Z=asinu, y=asinv, Z=Q@ COSU +4 COSY, 
prove that the area of the portion of the surface bounded by 
u=0, u=4r, v=0, v-im, 


+( an y A 
is WM "AEN Booth, ud ) 
| (2r- 1)(2r - 3) ...1 
where w= "“Or(Qr—2)...2 ` [Oxr. IL P., 1915] 
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